
Gov 2001: Problem Set 7
Spring 2026

Instructions:

• The Problem set is due on April 7, 11:59 PM Eastern Time.

• Please upload a PDF of your solutions to Gradescope. Make sure to assign to each question all the
pages with your work on that question.

• Do not use AI assistants (ChatGPT, Claude, Copilot, etc.) on this problem set. Work with
each other instead. The struggle is where learning happens.

• Remember: 70% of your grade comes from in-class exams. Use problem sets to learn, not just to get
answers.

Short Questions

Note: In this problem set, we use a simple notation, 𝑋1:𝑛, to denote 𝑋1, 𝑋2, ..., 𝑋𝑛, the collection of
sample R.V.s: 𝑋1:𝑛 = {𝑋1, 𝑋2, ..., 𝑋𝑛}.

1. Let 𝜙 (𝑋1:𝑛) be a binary sample statistic such that P(𝜙 (𝑋1:𝑛) = 1) ≤ 0.05 when 𝜃 = 𝜃0. Explain in words
how to use 𝜙 (𝑋1:𝑛) to perform a hypothesis testing on 𝜃 = 𝜃0 at the significance level of 𝛼 = 0.05. Make
sure you state clearly 𝐻0, 𝐻1, and the criteria that we reject 𝐻0.

Long Questions

For Q2 to Q5, we use the following common setting:

Let 𝑋1, . . . , 𝑋𝑛
𝑖𝑖𝑑∼ Poisson(𝜆). We want to test 𝐻0 : 𝜆 = 𝜆0 = 2 vs. 𝐻1 : 𝜆 > 𝜆0 at significance level 𝛼 = 0.05.

Let 𝜆 = 𝑋 = 1
𝑛

∑𝑛
𝑖=1 𝑋𝑖 be the plug-in estimator of 𝜆.

2. We first construct a test based on Chebyshev’s inequality.

(a) Let𝑈 (𝑋1:𝑛) = 1{𝜆 ≥ 2
√

5𝜎 (𝑋 ) + 2}. Prove P(𝑈 (𝑋1:𝑛) = 1) ≤ 0.05 when 𝜆 = 2.

Hint: P(𝑋 − 𝜇 ≥ 𝑘) ≤ P( |𝑋 − 𝜇 | ≥ 𝑘).

(b) Explain why we can’t use𝑈 (𝑋1:𝑛) to test 𝐻0 like what we did in Q1. Make a modification on𝑈 (𝑋1:𝑛)
so that we can use it and denote the modified statistics as𝑊 (𝑋1:𝑛).

(c) Describe a situation where𝑊 (𝑋1:𝑛) could be invalid as a hypothesis test for 𝐻0. In other words,
P(𝑊 = 1) > 0.05 even when 𝜆 = 2.

Hint: Do estimators have estimation errors?

3. Next, we construct a test based on the exact distribution of 𝜆.
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(a) What’s the distribution of 𝜆 under 𝐻0?

(b) Let𝑇 (𝑋1:𝑛) = 1{𝜆 ≥ 𝑘}. What is the value of 𝑘 if we want to use𝑇 (𝑋1:𝑛) to test 𝐻0 at the significance
level of 𝛼 = 0.05? You don’t have to give a fully simplified answer, just state it as a solution to an
equation.

(c) Is there any situation where 𝑇 would be invalid as a hypothesis test of 𝐻0 at the significance level of
𝛼 = 0.05?

4. Lastly, we construct a test based on approximate distribution of 𝜆.

(a) What’s the approximate distribution of
√
𝑛
(𝜆−𝜆)√

𝜆
? Make sure you clearly list the theorems used in

each step.

(b) We want to construct 𝑆 (𝑋1:𝑛) = 1{𝜆 − 2 ≥ 𝑐} so that when 𝑛 → ∞, P(𝑆 (𝑋1:𝑛) = 1) ≤ 0.05 under 𝐻0.
Use the result in (a) to express 𝑐 with 𝑛, 𝜆, and 𝑧0.95.

5. Now we have three different test statistics,𝑊 (𝑋1:𝑛),𝑇 (𝑋1:𝑛), 𝑆 (𝑋1:𝑛), all of which can be used to test 𝐻0
at significance level 𝛼 = 0.05. However, they have different power, and we can use simulation to compare
them. In this question, you are allowed to use AI to assist with coding tasks, but please provide your code
and make sure you understand the logic.

For each given 𝜆 and 𝑛, run a simulation using the following process:

(1) Generate a random sample 𝑥1, 𝑥2, . . . , 𝑥𝑛
𝑖𝑖𝑑∼ Poisson(𝜆) and compute 𝜆 = 𝑥 ;

(2) Compute𝑊 (𝑥1:𝑛),𝑇 (𝑥1:𝑛), 𝑆 (𝑥1:𝑛) and decide whether each test rejects𝐻0 based on the results. Notice
that you should first derive 𝑇 ’s cutoff threshold 𝑘 numerically;

(3) For a fixed 𝜆, repeat steps (1)–(2) for 10,000 repetitions and record the results. You should have a
10,000 × 3 table if the code is correct.

(4) Calculate the rejection rate for each test. For example, for𝑊 ,

𝜋𝑊 (𝜆) = P(𝑊 = 1) = 1
10, 000

10,000∑︁
𝑗=1

𝑊𝑗 .

Run the above simulation separately for (𝑛, 𝜆) ∈ {40, 400}×{2, 2.5, 3}. You should get a 3×6 table (three tests
by six combinations of 𝑛 and 𝜆) if the code is correct. Print the table and answer the following questions:

(a) Which entries in your table correspond to type I error rates? (Hint: use the columns with 𝜆 = 2.)
Compare the three tests’ sizes. Which one is more conservative?

(b) What are the power levels in this table? For fixed 𝑛, which test has more power?

(c) How does the difference of power between 𝑇 and 𝑆 change when 𝑛 gets larger?
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